We study the Ising spin chain with a Dzyaloshinskii-Moriya interaction focusing on the static and dynamic properties of the entanglement entropy, following a quantum quench. We show that the effects of the additional anisotropic interaction on the phase diagram and on the dynamics of the system are captured by the properties of the entanglement entropy. In particular, the model provides a way to study the quench dynamics in a system with an energy current. We consider quenches starting from an initial excited state of the Ising spin chain, and we analyze the effects of different initial conditions.
I. INTRODUCTION
Recent experiments have shown that it is possible to study unitary nonequilibrium dynamics in quantum systems on long time scales [1] . One important result of these investigations has been the observed lack of thermalization. The reason for this non-thermal behaviour is attributed to the near integrability of the system. This observation has motivated recent studies of the non-equilibrium properties of integrable quantum model Hamiltonians [2] . The interest in this topic is also motivated by its relevance to a variety of experimental situations, including cold atoms [3] , Penning traps [4] and Josephsonjunction arrays [5] .
There are many ways in which it is possible to drive a system out of equilibrium. Quantum quenches, and coupling to baths with different temperatures (or potentials) are the most common protocols. While in the quench scenario the focus is on the unitary dynamics of the full system, in the second case one usually deals with an effective description of the dynamics of the subsystem only. Different out-of-equilibrium dynamics have nevertheless similar characteristics, for example the presence of currents (of particles, energy, or heat).
In this work, we study an Ising-like model system driven out of equilibrium with a quantum quench in the presence of an energy current. In the usual quench protocol the system is prepared in the ground-state in the absence of any current, and subsequently the dynamics drives it to some excited state. The model Hamiltonian we consider here allows for the study of two different new situations: a quench from the ground-state in the presence of an energy current, and a quench from an initial excited state in the absence of an energy current. The two scenarios are associated with different Hamiltonians which, in a sense, are dual to each other. To characterize the system's behaviour we focus our attention on the Entanglement Entropy (EE), as measured by the Von Neumann entropy, which is a central quantity in the characterization of nonequilibrium quantum dynamics [6] .
The structure of the paper is the following: in Sec.II we introduce and describe the properties of the model Hamiltonian, in Sec.III we consider the static properties of EE for this model, and in Sec.IV we study the dynamics of entanglement * anirband@usc.edu following a quench. Finally, we states our conclusions. In the Appendix the reader can find more details of the calculations.
II. THE MODEL
We consider an Ising spin chain in transverse field H I , with an additional Dzyaloshinskii-Moriya (DM) interaction H DM . The total Hamiltonian H I + H DM is defined as follows
where h is the external magnetic field, and ζ is the coupling parameter determining the strength of the DM interaction. Such an anisotropic interaction is present in many lowdimensional materials with the necessary crystal symmetry, and it originates from spin-orbit coupling [7, 8] . Furthermore, the DM interaction is of relevance in quantum information theory, since it plays an important role in the physics of quantum dots [9] , and in fault-tolerant quantum computation [10] .
Adding the DM term to H I does not affect the solvability of the model [11] , and interestingly enough it provides the system with a richer phase diagram. These features have been used in [12] to study the effective out-of-equilibrium quantum dynamics of the model. H DM can be viewed as a current term. The reason for this is the following. The equation of motion for the local energy density of H I , defined by
One can write the time derivative of the energy current as the divergence of the energy currenṫ
with
It thus follows that H DM is precisely the sum over all sites of the local currents j C j . Therefore, the ground-state expectation value of
becomes an order parameter indicating the presence of an energy current. Once the total Hamiltonian has been diagonalized, which can be done with the usual Jordan-Wigner and Bogoliubov transformations
the effect of the DM interaction is clearly observed at the single-particle level. The single-particle spectrum is given by
with q ∈ [−π, π) the momentum of the quasi-particle. As can be seen in the above expression and in Fig.1 , the DM interaction makes the spectrum non-symmetric with respect to q = 0. Note that the ground state of the Hamiltonian including the DM interaction is the same for all values of ζ in the interval [0, 1]. In particular this means that, within this range of values, the Ising model in a transverse field H I and the system described by Eq.1 have the same ground state. Beyond ζ = 1 (with h ≤ ζ) the Fermi sea starts to be populated by the modes in between the zeros of the single particle spectrum (i.e. between q + and q − in Fig.1 ). This implies that the ground state is not anymore that of H I . Furthermore, since the DM term commutes with the rest of the Hamiltonian, at the many-body level when ζ = 1 we must have a level crossing between the ground state of H I and some previously excited Hamiltonian eigenstates. Fig.2 shows the phase diagram of the model [12] . There are three regions: ferromagnetic, polarized paramagnetic, and the so-called current phase, characterized by J = 0. The current phase is gapless, and the two-point correlation functions show a power-law behaviour with an oscillatory amplitude: σ
where Q is a non-universal function and k ≡ arccos 1 ζ [12] . In the following, we study the entanglement properties of this model, and subsequently we analyze new quench protocols for this spin system.
III. STATIC ENTANGLEMENT ENTROPY AND PHASE DIAGRAM
In this section we show how entanglement can be used to characterize the different phases of the model. To measure the EE, we consider a bipartition of the spin chain into two subsystems A and B. For this setup a good measure of EE between the two partitions is given by the von Neumann entropy
where ρ L is the ground-state reduced density matrix of the subsystem A with L spins.
It is known that for critical one-dimensional systems the EE scales logarithmically in the subsystem size, with a prefactor given by the central charge of the associated Conformal Field Theory (CFT),
where c is the central charge and S 0 is a non-universal constant [13, 14] . On the other hand, in the non-critical region of the phase diagram, the entanglement entropy saturates to a value which depends on the correlation length ξ,
Both Eq.8 and Eq.9 characterize the ground-state properties of EE for one-dimensional systems.
Apart from the ground state it is also of interest to investigate entanglement properties of excited states. Recently, two works have appeared on this topic. In [15] it has been shown that there are excited states for which the logarithmic scaling of EE can have prefactors different from the ground state, and ln L on the critical line separating the ordered and disordered phase to SL ∼ 1 3 ln L inside the currentcarrying phase.
that for some excited states the scaling can be extensive in the subsystem size, instead of logarithmic. In [16] the authors have studied the connection between EE for excited states and properties of the associated CFT not contained in the central charge. The EE of excited states is of interest also in the context of quantum quenches since in this setting the system is unitarily driven from the initial ground state to an excited state.
The Hamiltonian in Eq.1 naturally fits in this set of problems. Following the discussion from the previous section the model we are considering allows us to study the EE of some excited states of H I , simply by tuning the coupling constant associated with the DM term. The excitations we can consider in this way are characterized by the modes in between the zeros of the single particle spectrum that get populated when ζ > 1 and h < ζ (7). For these states the EE can be evaluated analogously to the ground state of H I (see also [17] for related analytical study).
Let us consider in detail the entanglement properties of the different phases shown in Fig.2 . First, we compare the scaling of the entanglement in the non-current-carrying critical regions and in the region where an energy current is present. Fig.3 shows the result of the simulations for the scaling behaviour of the ground-state EE with ζ < 1 and h = 1. For all values of ζ ∈ [0, 1] one observes the same scaling result. In the non-current-carrying region critical states are present only on the h = 1 line of the phase diagram. On this line, separating the ferromagnetic and polarized paramagnetic phases, the ground state of the system is the same as in H I . This implies that the EE scaling is logarithmic with a prefactor of c/3, and c = 1/2. Note that also the entire current-carrying phase (ζ > 1 and h < ζ) is gapless, and in this sense critical. At any point in this phase we observe logarithmic scaling of the EE in the subsystem size. This is consistent with the discussion in the previous section on the algebraic decay of the two point correlation function. Interestingly, the prefactor of the logarithmic scaling of EE in the current phase is twice as large as the prefactor in the non-current phase. This doubling reflects the increased number of zeros in the single-particle spectrum, consistent with the results of [17] . In fact, when ζ > 1 the ground state of Eq.1 is the filled Fermi sea of modes in between q − and q + (see Fig.1 ). Since the ground-state in the current phase is effectively an excited eigenstate of H I , we could expect a scaling of EE that is extensive in the system size, as shown in [15] for excited states. The reason why this is not the case is due to the nature of the single-particle spectrum, which at most can have two zeros (see Fig.1 ), and thus does not satisfy the requirements found in [15] for an extensive scaling of EE.
The DM interaction in the Hamiltonian affects also the subleading term in the scaling of EE
Deriving the analytical form of the sub-leading order term S 0 (h, ζ) is complicated. Nonetheless, one can investigate this term numerically. In Fig.4 we see that S 0 is constant on the critical line h = 1 with ζ ≤ 1. As soon as ζ > 1 and h < ζ, S 0 increases, but becomes almost constant for large ζ. Also S 0 is maximum at h = 0, and S 0 is minimum at the critical point h = ζ. From the behaviour of S 0 we can conclude that a given block has the highest entanglement when all the negative modes (q ∈ [−π, 0)) in the Fermi sea are filled. Consequently EE increases with higher values of the energy current.
We now consider the differences between the critical lines shown in the phase diagram (Fig.2) , separating different phases. The only second-order quantum phase transition is found along at the h = 1 line (with ζ ≤ 1), which corresponds to the Ising quantum phase transition (see Fig. 5 ). On the hand the boundaries of the current-carrying phase with both the paramagnetic and the ferromagnetic phases are characterized by a level crossing. This translates into a sudden jump in EE (see Fig.5 and Fig.6 ). The value of EE is always higher in the current carrying phase because of the presence of longrange correlations that decay algebraically. The plots in Fig.5 and Fig.6 show that controlling the DM term can be used as an entanglement switch. The amount of entanglement can be driven by the DM coupling term or the magnetic field, which are controllable parameters in optical lattices [18] .
IV. ENTANGLEMENT DYNAMICS FOLLOWING A QUENCH
In this section, we focus on the quench dynamics of the EE. Quenching provides a way to excite a system, initially prepared in the ground state, and to subsequently study the non-equilibrium dynamics of the model (in the following, we denote with a subscript 0 the value of the parameters describing the initial Hamiltonian). As stated previously, the model in Eq.1 is of interest because it combines two different mechanisms typically used to drive a system out of equilibrium: quantum quenching, and the coupling to a field originating a current in the system. Furthermore the inclusion of the DM term allows us to study a model Hamiltonian where the energy current can be controlled and used in the quench protocol.
In our setup, the quench can either involve the magnetic field h, the DM coupling ζ or a combination of the two. Since the DM term commutes with the Hamiltonian, a quench in ζ leaves the system in one of its eigenstates, providing a trivial evolution of the EE. On the other hand, quenches in the magnetic field give more interesting behaviours. If the quench is done with the initial state prepared in a region with no current the results are similar to those found in [6] , where quenches for the H I were considered. This is due to the fact that, in the absence of a current, the ground-state wave function initially is identical to that of H I , and the time evolution is not The plots for h = 0.5 corresponds to the static entanglement along the transition between the ordered ferromagnetic and the current-carrying phase. This is a first order quantum phase transition which occurs at ζ = 1 (analogously for h = 1). The plots for h = 2 and h = 3 correspond to the static entanglement along the transition between the disordered and the current-carrying phase. This is a first order QPT which occurs at ζ = h.
affected by the presence of the DM term (see the derivation of Eq.25 in the Appendix for a proof of this). More interestingly, if the quench involves an initial state inside the current phase, new non-trivial behaviours can be expected, since the ground state now is radically different. It is important to notice that the DM coupling enters only in the specification of the initial state, whereas the evolution can be effectively described by the Hamiltonian without the DM term. The calculations showing that this is in fact the case can be found in the Appendix.
We first compare the evolution of the EE for different quenches inside the current-carrying phase. Fixing the coupling constant of the DM term, and quenching only the external magnetic field we obtain the results shown in Fig.7 . One always has an initial ballistic evolution of the EE, which grows linearly in time (measured in units where the speed of the elementary excitation is unity) and saturates at some point. Quite interestingly, the saturation time (hence also the rate at which entanglement is initially building up) depends on the particular evolving Hamiltonian. This way we can control the time needed to generate the maximal asymptotic amount of entanglement. This property is relevant also from a computational point of view. In fact, DMRG-like schemes, used for the simulation of the time evolution of quantum systems, can take advantage of the lower rate at which entanglement is generated. Knowing the regions in the phase diagram where such rates are lower can provide more efficient time simulations. As far as we know this is a new feature that is not present in other quench protocols considered so far in the literature. The other aspect that is important to notice in Fig.7 is the special role played by the line h = 1 in the phase diagram, which turns out to provide the maximum asymptotic EE for different quench parameters. This can be understood by mapping the quench for H I + H DM to a quench protocol for H I only. As stated in the previous section, the entanglement evolution with respect to H(h, ζ) is identical to the evolution with respect to H(h, 0). Furthermore, the ground state of H(h 0 , ζ 0 ), the initial Hamiltonian in the quench protocol is also an excited eigenstate of H(h 0 , 0), because of the commutativity of the DM term with the total Hamiltonian. From this dual perspective the effect of the current is that of effectively quenching an excited eigenstate without the current term. For the Ising model, a quench from h 0 = 1 yields the maximum value of S L (∞) when quenched to h = 1, because the energy gap closes at h = 1, and hence a large number of zero energy excitations can be produced. While the asymptotic value of EE depends on the particular excited state at the beginning of the quench. Fig.8 shows results of simulations for quenches with increasing values of the DM field in the current-carrying phase. The asymptotic value of the EE decreases with increasing ζ. This is consistent with the phenomenological picture provided in [6] , and with the fact that if the system starts in an excited state, the available number of unoccupied modes that can be occupied after the quench is smaller than in the case of having the ground state as an initial state. Furthermore, Fig.8 shows that the time at which the EE saturates does not depend on ζ, and consequently does not depend on the particular initial Hamiltonian eigenstates (as long as it is not an eigenstate of the evolving Hamiltonian). The line with ζ = 100 in Fig.8 shows that very deep into the current phase quenching does not create entanglement. In fact, when ζ ≫ h 0 quenching the magnetic field is just a small perturbation to the Hamiltonian, which then approximately stays in the ground state.
Finally, we verify that the presence of an energy current does not affect the extensive nature of the asymptotic value of EE (Fig.9) , and its proportionality with the quench size (Fig.10) .
V. CONCLUSIONS
We have studied the static and dynamic properties of the entanglement entropy in the Ising spin chain with a transverse field and a Dzyaloshinskii-Moriya interaction. The model is characterized by the presence of an energy current for certain regions of the phase diagram.
Concerning the static properties we have analyzed the transitions between phases with no energy current and the phase where an energy current is present. The transition is captured by a discontinuity of EE as a function of the parameters, and by a distinguishable scaling behaviour in the current-carrying and non-current-carrying regions. In particular, the leading logarithmic term of the EE scaling with respect to the system size has a prefactor in the current-carrying region which is twice as large compared to the second order Ising critical line.
Concerning the behaviour of the entanglement evolution following a quench, the model in Eq.1 allows us to study new quench protocols. The usual schemes consider quenches from an initial ground state. This scenario, for the model in Eq. 1, effectively corresponds to a quench from an initially excited state of the Ising spin chain in transverse field (without DM interaction). The main result of this analysis shows that the ballistic picture presented in [6] is still valid, although with a significantly different aspect. In particular the entanglement saturation time in the current-carrying phase depends on the details of the evolving Hamiltonian. This is an indication of the role played by the evolving Hamiltonian on the propagation of excitations. This result is of relevance in tuning the dynamics of the system in regions with a different rate for the propagation of entanglement. Furthermore it also provides a characterization of the regions in the phase diagram that can be simulated more efficiently with DMRG-like techniques.
From a general point of view, the model in Eq. 1 also suggests a simple way to study the quench dynamics of initial excited states in integrable systems. The addition of a commuting term in the Hamiltonian causes a reshuffling of the spectrum that, without changing the integrability of the model, allows us to obtain non-trivial results about the excitations in the original model. The same trick can be applied to other systems of interest.
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where A 0 is a normalization constant and H is a quadratic hermitian operator
H can be diagonalized via a generalized Bogoliubov transformation. The reduced density matrix has the form
Using T r(ρ L ) = 1, we get A 0 = Π 
and also Notice that the energy spectrum of the Hamiltonian in Eq.1 is not symmetric, which means that in general Λ −k = Λ k . In order to evaluate the two-point correlation functions we consider different cases. When the initial state of the system is in the non-current-carrying region we have
If the initial state of the system is in the current-carrying phase and k ∈ (k 1 , k 2 ), where k 1 and k 2 are the zeros of the spectrum then
For k lying between −k 1 and −k 2 we have
